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Introduction
The measurement of the transverse momentum and rapidity distributions of final-state particles produced in the hadron-hadron and nucleus-nucleus collisions is considered to provide important information about the collision process and the particle production mechanism [1] . The transverse momentum distributions of identified hadrons are the most common tools used to investigate strong interactions leading to the creation of particles in the high-energy collisions due to the momentum balance in the plane perpendicular to the beam direction. The missing transverse energy is a key quantity in many searches for physics beyond the Standard Model, such as supersymmetry, extra dimensions and dark matter, and in the study of the Higgs boson, neutrinos, W bosons and top quarks [2] .
In the modern paradigm of science all known elementary particles are governed by the BoseEinstein or Fermi-Dirac statistics, i.e., they are bosons or fermions. The noninteracting bosons and fermions given in the framework of the Boltzmann-Gibbs statistics under the constraints of the grand canonical ensemble are described by the Bose-Einstein and Fermi-Dirac distributions,
. These laws are followed by the photons irradiated in atomic and nuclear phenomena and by the particles emitted in the hadron-hadron and heavy-ion collisions at low and intermediate energies [3] . However, the transverse momentum distributions of the particles produced in the pp and AA collisions at LHC and RHIC energies can not be described by the BoseEinstein and the Fermi-Dirac distributions of the Boltzmann-Gibbs statistics given in the grand canonical ensemble. Thus, if we continue to accept that the particles at high-energies are bosons or fermions described by the Bose-Einstein or the Fermi-Dirac statistics, respectively, then we should find causes of changes of their distribution functions.
The main purpose of this paper is to verify the statistics of identified hadrons produced in pp collisions at high energies and to identify possible scenarios for the creation of hard hadrons with a large transverse momentum. Thereby, we investigate the data using the Bose-Einstein and Fermi-Dirac distributions of the Tsallis-factorized statistics and introducing the two-component Bose-Einstein and Fermi-Dirac distributions of the ordinary Boltzmann-Gibbs statistics.
In the analysis of the LHC and RHIC data, a Tsallis-like distribution gives satisfactory fits to the transverse momentum distributions [4, 5, 6, 7, 8] . However, hitherto in most works the transverse momentum distributions were fitted only by the classical Maxwell-Boltzmann distribution in both the Tsallis-factorized statistics [9, 10, 11, 12, 13, 14] and the two sources Boltzmann-Gibbs statistics [15, 16] .
The structure of the paper is as follows. In Section 2, we briefly define the main formulas of the Tsallis statistics in the grand canonical ensemble. In Section 3, we remind the transverse momentum and rapidity distributions in the Tsallis-factorized statistics. The analysis of the data and the results are discussed in Section 4. The main conclusions are summarized in the final section.
Tsallis statistics in grand canonical ensemble
Let us consider the equilibrium statistical ensemble of the dynamical systems at the constant temperature T , volume V , chemical potential µ and the thermodynamic coordinate z in a thermal contact with a heat bath. The system exchanges the energy and the matter with its surroundings. In order to determine the probabilities of microstates, we consider the Tsallis statistical entropy [17] which is a function of the parameter q and a functional of the probing probabilities p i :
where k B is the Boltzmann constant, z = 1/(q − 1) and q ∈ R is a real parameter taking values 0 < q < ∞. In the limit q → 1 the entropy (2.1) recovers the Boltzmann-Gibbs entropy,
The probabilities of microstates are normalized to unity:
The parameter z takes the values −∞ < z < −1 for 0 < q < 1 and 0 < z < ∞ for 1 < q < ∞. The expectation values of the Hamiltonian and the number of particles can be written as
where E i and N i are the energy and number of particles in the i-th microstate of the system. In the state of thermal equilibrium the probabilities of microstates of the grand canonical ensemble can be found from the maximum entropy principle by the fundamental equation of thermodynamics at the fixed values of the variables of state (T,V, z, µ) or by the Jaynes principle:
where Λ is determined from Eq. (2.6) and it is a function of the state variables, Λ = Λ(T,V, z, N).
In the limit q → 1 (z → ±∞) the probability p
The expectation value A of the operator A can be defined as follows:
In the Tsallis statistics, the mean occupation numbers for the Bose-Einsten, Fermi-Dirac and Maxwell-Boltzmann statistics of noninteracting particles in the grand canonical ensemble can be defined as
where ε p = p 2 + m 2 is the particle energy, G{n pσ } = 1 for the Fermi-Dirac statistics (n pσ = 0, 1) and the Bose-Einstein statistics (n pσ = 0, 1, . . . , ∞) of particles and G{n pσ } = 1/ ∏ pσ n pσ ! for the Maxwell-Boltzmann statistics (n pσ = 0, 1, . . . , ∞) of particles [18] .
The transverse momentum and rapidity distributions of particles can be defined as
where p T and y are the transverse momentum and rapidity, respectively, and n pσ are the mean occupation numbers given by Eq. (2.8).
Tsallis-factorized statistics
The Tsallis-factorized statistics is defined by the generalized entropy for the ideal gas in the grand canonical ensemble [13] . In the Boltzmann-Gibbs statistics the entropy of the ideal gas in the grand canonical ensemble can be written as
where
for the Bose-Einstein statistics, η = 0 for the Maxwell-Boltzmann statistics and η = 1 for the Fermi-Dirac statistics of particles. In the Tsallisfactorized statistics, the Boltzmann-Gibbs entropy (3.1) for the Bose-Einstein and the Fermi-Dirac statistics is rewritten, using the Tsallis prescription, in the following form [19, 20, 21 ]
and q is a real parameter, q > 0. For the Maxwell-Boltzmann statistics, the Boltzmann-Gibbs entropy (3.1) is rewritten as [22] 
The expectation value of the Hamiltonian and the mean number of particles of the system in the Tsallis-factorized statistics are defined as [13] 
where E i and N i are the energy and the number of particles in the i-th microstate of the system. Maximization of the entropies (3.2) and (3.4) under the constraints (3.5) and (3.6) leads to the mean occupation numbers for the Tsallis-factorized statistics [13] 
where η = −1 for the Bose-Einstein statistics, η = 0 for the Maxwell-Boltzmann statistics and η = 1 for the Fermi-Dirac statistics of particles. Then the transverse momentum and rapidity distributions of particles can be written as [13] 
where m T = p 2 T + m 2 . Note that throughout the paper we use the system of natural units,h = c = k B = 1.
Analysis of transverse momentum distributions
Let us verify that bosons and fermions produced in the pp collisions at LHC energies are described by the corresponding Bose-Einstein and Fermi-Dirac functions of both the BoltzmannGibbs statistics and the Tsallis-factorized statistics. We should check the fact that the particles created in the violent high-energy collisions are indeed bosons or fermions as those produced at lower energies.
The transverse momentum distributions for the bosons (η = −1), fermions (η = 1) and Boltzmann particles (η = 0) in the Boltzmann-Gibbs statistics are given by is taken with the opposite sign. At high-energies of the LHC the baryon chemical potential is zero, i.e. µ = 0. The creation of particles (bosons and fermions) in the high-energy pp collisions is a dynamical process. However, the transverse momentum distributions (2.9), (3.8) and (4.1) of the Tsallis, Tsallis-factorized and the Boltzmann-Gibbs statistics can be applied only for the equilibrium systems because they were obtained from the maximum entropy principle. Thus, the description of particle production process in high-energy collisions by these distributions leads to the substitution of the complex dynamical system with an equilibrium system of ideal gases. Is it possible to describe such a complex dynamic process of creation of many particles only with a one equilibrium state of the system? Do all the particles produced in high-energy collisions originate from the same macroscopic state of the system or from different macroscopic states corresponding to different intervals of time of collision?
Let us introduce the two-component transverse momentum distributions for the bosons, fermions and boltzmann particles given in the framework of the Boltzmann-Gibbs statistics
This distribution corresponds to the ideal gas in two different macrostates of the equilibrium system (two sources). The first term describes the particles created in the macrostate (T 1 ,V 1 , µ 1 ) and the second term is related to the production of the same type of particles from the other macrostate (T 2 ,V 2 , µ 2 ). The parameters (T,V, µ) evolve during the evolution of the system. Let us analyze the transverse momentum spectra of particles created in the pp collisions at LHC energies. Figure 1 represents the transverse momentum distributions of pions π ± , kaons K ± , protons and antiprotons produced in the pp collisions at energy √ s = 0.9 TeV. The symbols represent the experimental data of the ALICE Collaboration [4] . The solid and the dashed curves are the fits of the experimental data to the Tsallis-factorized function (3.8) and the two-component Boltzmann-Gibbs function (4.2), respectively, at rapidity y = 0. The values of the variables of state for the macrostates of the system for the Tsallis-factorized statistics and for the Boltzmann-Gibbs statistics are given in Tables 1 and 2 , respectively. The pions and kaons follow the Bose-Einstein statistics. The protons and antiprotons follow the Fermi-Dirac statistics. The Bose-Einstein and Fermi-Dirac transverse momentum functions of the Tsallis-factorized statistics describe the experimental data very well. The values of the Tsallis-factorized temperature T , radius R of the system and the parameter q fluctuate in the dependence on the type of a hadron. The proton temperature is much lower than the temperature of other hadrons; however, the volume of the system for protons is much larger than the volume of the system for other hadrons. Nevertheless, the value of the parameter q for protons is consistent with the values of the parameter q of other types of hadrons. In the pp collisions, the Tsallis-factorized volume of the system for all types of hadrons considerably overestimates the realistic volume of the system of two protons. The two-component Bose-Einstein and Fermi-Dirac transverse momentum functions of the Boltzmann-Gibbs statistics describe very well only kaons, protons and antiprotons. But the high-p T pions failed to be described by these two-component distributions. For all types of hadrons the two-component distribution is defined by two different sets of parameters (T, R) corresponding to two macroscopic states of the dynamic system. The first set of parameters corresponding to the lower part of p T -spectra (soft) is characterized by smaller values of the temperature and larger values of the volume in comparison with the same parameters from the second set. The second set of parameters corresponding to the higher part of the p T -spectra (hard) is characterized by high temperatures and small volumes. The radius R 1 is consistent with the radius of the system of two protons; however, the radius R 2 corresponds to a strongly compressed system of two protons (core). Thus, in the pp collisions the high-p T hadrons are created in a system of a very small volume and large temperature. However, the low-p T hadrons are produced in a system of larger volume and smaller temperature. The Gibbs temperature T 1 is about twice the Tsallis-factorized temperature T and the temperature T 2 is about twice the temperature T 1 . Figure 2 represents the transverse momentum distributions of the identified hadrons produced in the pp collisions at energy √ s = 0.9 TeV. The symbols represent the experimental data of the ALICE Collaboration [23] . The solid curves are the fits of the experimental data to the Tsallisfactorized distributions (3.8) and the dashed curves are the fits of the experimental data to the two-component Bose-Einstein and Fermi-Dirac transverse momentum functions of the BoltzmannGibbs statistics(4.2) at rapidity y = 0. The values of the variables of state for the Tsallis-factorized statistics and for the Boltzmann-Gibbs statistics are given in Tables 1 and 2 , respectively. The mesons K 0 S and φ follow the Bose-Einstein statistics and the strange baryons follow the Fermi-Dirac statistics. The Bose-Einstein and Fermi-Dirac transverse momentum distributions of the Tsallisfactorized statistics describe the experimental data very well. The Tsallis-factorized temperature T and radius R of the system strongly fluctuate in the dependence on the hadron type. The value of the parameter q fluctuates more slightly. The temperature of the strange baryon Λ differs essentially from the temperature of its antiparticle. The Tsallis-factorized volume of the system for K 0 S , Λ and Ξ − + Ξ + considerably disagrees with the realistic volume of the system of two protons. The twocomponent Bose-Einstein and Fermi-Dirac transverse momentum distributions of the BoltzmannGibbs statistics describe the experimental data for all these identified hadrons very well. For the Boltzmann-Gibbs distributions the values of the temperature and the radius of the system also fluctuate considerably in the dependence on the type of a hadron. The first temperature T 1 is smaller than the second temperature T 2 and the first radius R 1 is larger than the second radius R 2 . The first set of parameters given by the small value of temperature and the large value of volume describes the low values of the transverse momentum spectra; however, the second set of parameters given by the large value of temperature and the very small value of volume describes the high values of the transverse momentum spectra. The radius R 1 is consistent with the radius of the system of two protons and the radius R 2 corresponds to a compressed system of two protons. From the twocomponent Boltzmann-Gibbs distributions it is seen that the high-p T hadrons are produced from a very compressed and heated system. The Gibbs temperature T 1 is larger than the Tsallis-factorized temperature T and the Gibbs temperature T 2 is larger than the temperature T 1 .
In Tables 1 and 2 we have the values of the variables of state for the Tsallis-factorized statistics and the Boltzmann-Gibbs statistics, respectively, for each type of hadrons produced in the pp collisions at √ s = 0.9 TeV measured by the ALICE Collaboration [4, 23] . The values of the parameters are not the same for different types of hadrons. However, at the fixed energy of collision the values of the parameters should be independent of the hadron type. Thus, let us find the mean values of the parameters for the Tsallis-factorized statistics and the Boltzmann-Gibbs statistics and compare them. For the experimental data of the ALICE Collaboration [4, 23] , the mean value of the Tsallis-factorized temperature T = 70.65 ± 4.27 MeV, the mean value of the Tsallis-factorized radius of the system R = 4.871 ± 1.151 fm and the mean value of the Tsallis-factorized parameter q = 1.138 ± 0.003. For the two-component Bose-Einstein and Fermi-Dirac distributions of the Boltzmann-Gibbs statistics we have two sets of parameters. The mean value of the first temperature T 1 = 148.38 ± 4.59 MeV and the mean value of the first radius of the system R 1 = 1.799 ± 0.091 fm. The mean value of the second temperature T 2 = 332.25 ± 12.15 MeV and the mean value of the second radius of the system R 2 = 0.419 ± 0.016 fm.
It is seen that in the pp collisions at √ s = 0.9 TeV, the Boltzmann-Gibbs statistics suggests two regimes of production of particles. In the first regime, the Boltzmann-Gibbs soft hadrons are produced at the temperature T 1 ≈ 150 MeV from a heated spatial region of the volume consistent with the geometrical volume of two protons. However, in the second regime, the Boltzmann-Gibbs hard hadrons with a high transverse momentum originate from a hot superdense spatial region of the radius R 2 ≈ 0.4 fm with the temperature T 2 ≈ 330 MeV. In contrast, the Tsallis-factorized statistics presupposes that the particles in the pp collisions at √ s = 0.9 TeV are created from a large nonphysical volume of the radius R ≈ 5 fm at the small temperature T ≈ 70 MeV. 
Discussion and conclusions
In conclusion, the Bose-Einstein and Fermi-Dirac distributions of the Tsallis-factorized and the two-component Boltzmann-Gibbs statistics lead to a satisfactory description of the data on the transverse momentum for the identified hadrons created in the high energy pp collisions. We have extracted the parameters T,V and q of the Tsallis-factorized statistics and the two sets of parameters T 1 ,V 1 and T 2 ,V 2 of the two-component Boltzmann-Gibbs statistics for each type of hadrons measured by the ALICE Collaboration [4, 23] . These parameters for different types of hadrons have different values for both the Tsallis-factorized statistics and the two-component BoltzmannGibbs statistics. The mean values of these parameters for the Tsallis-factorized statistics and the two-component Boltzmann-Gibbs statistics were obtained. The results of the Boltzmann-Gibbs statistics for the pp collisions at √ s = 0.9 TeV suggest that the soft hadrons with low transverse momentum are created from the spatial volume comparable with the geometrical volume of two protons at the temperature of 150 MeV and the hard hadrons with high transverse momentum are produced from the very small volume in comparison with the volume of two protons at very high temperature of 330 MeV. In contrast, the volume of the system obtained by the Tsallis-factorized statistics is unusually large in comparison with the volume of two protons and the temperature is much less than both temperatures of the Boltzmann-Gibbs statistics.
Note that the high-p T tail of the charged pion distributions cannot be described by the twocomponent Boltzmann-Gibbs statistics. This discrepancy for pions in hadronic collisions can be understood as a superposition of different production sources.
